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I. Introduction
Ice growth prediction on aircraft is a fundamental problem for aeronautical applications. Ice accretion can indeed modify local shapes of wings or blades and cause aerodynamic performance losses. Ice shedding can clog air intakes too. Models dedicated to ice prediction are all based on the Messinger approach.
1 This model is mainly based on both mass and energy balances between ice thickness itself, incoming droplets, extern atmosphere (through evaporation and heat transfer) and runback film.
Ice protection systems aim at keeping ice accretion under control. To do this, heat from the engine or from electrical resistor can be used. In that case, a heated liquid film can appear above the ice thickness, or directly above the wall. A challenging point is to calibrate ice protection system and the amount of heat to be extracted to prevent runback film from re-freezing downstream. In particular, evaporation rateṁ ′′ v has to be estimated accurately. Indeed, in most icing tools like ONICE for example, evaporation rate tends to be under-estimated, which leads ice protection systems to be too conservative. Classical evaporation models used in icing codes like ONICE, LEWICE or CANICE behave like the product between a mass transfer coefficient h
Therefore, the computation ofṁ ′′ v is focused on the one of h 0 m . Mass transfer coefficient appears to be a mean coefficient related to evaporation from a global point of view, without solving the boundary layer itself.
The aim of this paper is to study behaviors of different evaporation models for high evaporation rates. The different hypothesis on which these models are built are discussed for high evaporation rates: ChiltonColburn analogy 2 and non-zero blowing velocity at the film/air interface. These models will be compared with a solution obtained by a finite volume approach where boundary layer equations are solved.
In a first part, the boundary layer equations are presented. Definition of the evaporation rateṁ ′′ v is given too. In a second part, the Reynolds and Chilton-Colburn analogies, used to define h m respectively from Cf and h t , are presented. Limits of analogies for high evaporation rates are emphasized. In a third part, different models forṁ 
II. Equations and evaporation rate

II.A. Configuration
Configuration is shown in Fig. 1 . A water liquid film runs back over a plane plate. An incompressible, laminar air boundary layer develops above the liquid film (Fig. 1) . Liquid film is supposed to be locally plane so that surface tension forces can be neglected. Liquid film/air interface is located at y = 0 and the boundary layer develops from y = 0 to y = δ. Connexion with the inviscid flow at y = δ is such as u g (x, δ) = U ∞ e x .
II.B. Equations
Concerning the incompressible laminar boundary layer, following hypothesis are made:
• Gas flow is supposed to be stationary
• Flow outside the boundary layer y > δ does not depend on x. Therefore, U g∞ (x) = U ∞ and so the pressure gradient dP dx is zero.
• Physical properties as (ρ g , µ g , α g et D v ) are supposed to remain constant inside the boundary layer Dimensionless boundary layer equations are given by:
where the dimensionless variables are given by:
Boundary conditions are the following ones:
• At y = 0:ũ
In the rest of the manuscript, the· notation is dropped. Mass fraction Y v0 and Y v∞ can be written:
Thermodynamic equilibrium is assumed at the liquid film inteface so that P v0 = P sat v (T g0 ). Saturation vapor pressure P v0 = P sat v (T g0 ) can be computed using of Clausius-Clapeyron law for example. Therefore
and it appears that Eq. (2)(d) is coupled to thermal equation (2)(c) via the boundary condition on Y v0 .
Outside the boundary layer,
, T g∞ are known and set by either outside flow or film properties.
II.C. Evaporation rate at the film/air interface (y = 0)
Evaporation rate at the film/air interface derives from the vapor flux through the interface. Mass flux conservation through the film/air interface can be written:
where v I is the film/air interface velocity. Liquid film is supposed to be at rest and v l0 = 0. Therefore,
In the case of of a water/air interface, ρ g ≈ 1kg.m −3 and ρ l ≈ 1000kg.m
which gives
Dry air does not dissolve inside water through interface
3 so that ρ a0 v a0 = 0 andṁ . Evaporation rate can be written:ṁ • Evaporated mass can be computed indirectly by using a mass transfer coefficient h m (which depends itself on the gradient of Y v at the film/air interface). h m is obtained from the friction coefficient Cf or the heat ransfer coefficient h t via a Reynolds or a Chilton-Colburn analogy. 3, 4 This analogies are exact in the context of a laminar boundary layer without pressure gradient (Blasius solution) on a plane liquid film. This will be presented in this part as well as the validity of the analogies outside this context.
• Evaporated mass can be obtained directly by computing the gradient of Y v at the film/air interface.
This can be done for example by a boundary layer code. 
III.A. Definition ofṁ
III.A.1. Some definitions
Friction coefficient Cf , heat transfer coefficient h t and mass transfer coefficient h m are defined as:
Dimensionless formulation for h t and h m can be obtained by using Nusselt N u and Sherwood numbers Sh:
Thermal St t and mass St m Stanton numbers can be written: (3)) is written by using h m coefficient (Eq. (4)):
Computation ofṁ ′′ v consists now in the one of h m . If mass fraction Y v is written as:
Tg , one has finally:ṁ
which is strictly equivalent to Eq. (7). In many codes (ONICE or LEWICE for example), Eq. (8) is used to compute evaporation rate but with following approximations: Analogies beween Cf , h t (or St t ) and h m (or St m ) are established in this section. These analogies can be derived rigorously in the context of a flate laminar boundary layer with no pressure gradient. Such a configuration has been retained in this study (see section II). Equation (2) can be re-written by using the self-similar properties of the solution:
where F is a function of the only variable η = y U∞ νx . Functions θ(η) and Φ(η) are defined likewise: θ(η) = T g (x, y) and Φ(η) = Y v (x, y). Finally, Eq. (2) can be written:
Important remark : no hypothesis has been done yet about the shape of v g0 . In the rest of the document, developments will be performed for temperature (Eq. . Finally for P r = Sc = 1:
It is possible to link St m (and so h m ) with the friction coefficient Cf . The interesting feature is that no hypothesis has been done about v g0 so that Eq. (11) is valid even for large evaporation rates. But for air, P r ≈ 0.7 and Sc ≈ 0.6.
III.B.2. Case P r = 1 and Sc = 1
Hypothesis: blowing velocity at the film/air interface due to evaporation is set to zero (v g0 = 0). Thus, from Eq. 
Integration of Eq. (10)(b) gives:
Let a(η, P r) be a(η, P r) = exp − 1 2 η 0 P r · F (ξ)dξ . Integrating previous equation one more time and given that θ(0) = 0, we get :
η 0 a(ξ, P r)dξ. As θ(∞) = 1, finally:
Introducing Eq. (12) in the definition of a:
Previous expression is the more accurate as P r number is large. Let now suppose that P r >> 1:
and then:
The following change of variables ζ = P r 1/3 ξ is performed:
A strictly equivalent argument for Φ and Sc leads to: Φ ′ (0) ≈ Sc 1/3 · F ′′ (0) for Sc >> 1. Finally with dimensionless coefficients:
These are Reynolds analogies. Ratio between St t et St m allows to write:
which is called the Chilton-Colburn analogy. Superscript 0 is here to keep in mind that the Chilton-Colburn analogy and the Reynolds analogy have been obtained with v g0 = 0 which corresponds to low evaporation rate.
III.B.3. Prandtl and Schmidt number influence in the Reynolds analogy
We propose to study the influence of Prandtl P r and Schmidt Sc numbers on the Reynolds analogy (Eq. (13)). Evaporation rate is neglected in this study. Blasius theory provides: 
In Tab. 1, numerical results are shown. They are obtained by a finite volume approach where boundary layer equations are solved. The dimensionless St · √ Re x · P r 2/3 is computed and results are compared with those deriving from a Reynolds analogy (Eq. (15)). Different P r numbers are studied. Similar conclusions for Sc numbers can be drawn. In this computation, U ∞ = 100m.s −1 . Well known results about P r influence on Reynolds analogy are shown in Tab. 1: the analogy is accurate for high Prandtl number. For air, P r ≈ 0.7 and the error for the Reynolds analogy is around 2%.
III.C. Spalding approach forṁ
′′ v computation
In this section, the approach proposed by Spalding 4 is proposed. Mass conservation for steam can be written:
Mass conservation for gaz (dry air+steam) is:
The major hypothesis is that the flow is supposed to remain the same in the e x direction so that ∂ ∂x = 0. Therfore:
Evaporation rate can be written:ṁ
ρg Dv dy. The last equation is integrated from the film/air interface (y = 0) and δ M where Y v is supposed to be Y v∞ . Finally:ṁ
where B is defined by:
As δ M thickness is unknown, δ M is expressed in function of h m . Using Eq. (7), (16) and (17), one gets: 
Equation (18) has been derived with the hypothesis that ∂ ∂x = 0 which is not valid for a boundary layer. Indeed, the boundary layer thickness behaves like √ Re x and the approximation ∂ ∂x = 0 may have sense far from the stagnation point, but is strongly wrong near the stagnation point where the boundary layer is initiated. Unfortunately, for anti or de-icing applications, heated zones are located near the leading edge where the approximation ∂ ∂x = 0 is not valid for the boundary layer.
IV. Comparison of different evaporation models
Different models are compared with the reference case which corresponds to a finite volume approach where boundary layer equations are solved. Evaporation ratesṁ ′′ v will be compared. A wide range of evaporation rates are studied, from
IV.A. Presentation of the different models forṁ
′′ v
• Model 1 : Results derive from a boundary layer code where the equations (2)(a), (2)(b), (2)(c) and (2)(d) are solved numerically by a finite volume method. These equations are coupled so that the blowing velocity at the film/air interface which is a boundary condition for Eq. (2)(b) is obtained from evaporation velocity deriving from Eq. (2)(d). A grid convergence has been performed so that the solution obtained with this model can be considered to be exact. It will be the reference solution.
• 14)) is used. h t coefficient is obtained from the heat flux numerically computed at the film/air interface with a blowing velocity due to evaporation. Note that the Chilton-Colburn analogy (Eq. (14)) has been initially derived for low evaporation rate. In this model, it is used even for large evaporation rates.
• Model 6 : This model is the one classically used in the ONERA code ONICE (and in almost all icing tools in the world like NASE LEWICE code) for low evaporation rates, i.e.ṁ
m is computed as done in ONICE, i.e. like in the model 2 . No specific correction is taken into account to deal with large evaporation rate and deriving blowing velocities at the film/air interface.
IV.B. Numerical study
The context of the study is a liquid film on a plane plate. Above the film, a laminar gas boundary layer is developed. Pressure gradient is supposed to be zero. Incompressible equations are treated. The film is heated so that a study on T g0 is performed. Parameters are: For low evaporation rates (T g0 = 0 o C and 20 o C) all the models are accurate. This is because all the models degenerate to a single model for low evaporation rate (when Y v0 → Y v∞ ). Conclusions are different for high evaporation rates (T g0 = 85 o C et 99.9 o C). Models 2 and 3 give bad results. Indeed, the friction coefficient Cf 0 used to compute h m does not take into account the blowing velocity at film/air interface due to evaporation. To understand major importance of such velocity on friction coefficient, Fig. 3 shows velocity profiles in the boundary layer when film temperature is maintained at 0 o C (left) and 99.9 o C (right). First, we can notice that the boundary layer thickness at high evaporation rates is larger than at low evaporation rates. Secondly, the gradient ∂u ∂y 0 at the film/air interface (directly linked to the computation of Cf ) is widely larger at low evaporation than at high evaporation rates. Then, with model 2 where blowing velocity due to evaporation is not taken into account, Cf is widely over-estimated and resulting h m andṁ ′′ v are not accurate. Model 4 takes blowing velocity into account and is more accurate. Globally, model 5 gives the best results (error less than 5 % up to 85 o C), but h t is supposed to be known at the film/air interface with a blowing velocity, which is not the case in the great majority of codes available in the icing community.
It is surprising and interesting to notice that model 6 , which corresponds to the model used in the great majority of icing codes, gives accurate results both for low and high evaporation rates. Such a good accuracy seems to result from a compensation between three errors:
• Cf and h t are computed without taking into account blowing velocity at the film/air interface due to evaporation. Therefore Cf and h t are over-estimated.
• Chilton-Colburn analogies are not exact (especially for high evaporation rates)
• Evaporation rate is computed by:ṁ
which under-estimates evaporation rate compared to Eq. (7)
V. Conclusions
In this study, different models using Reynolds or Chilton-Colburn analogies to compute evaporation rate of a heated liquid film have been tested. The film has been supposed plane and a laminar boundary layer develops upon the film. Main conclusions are:
• Evaporation of a heated liquid film into air is accurately represented by the different models presented at low evaporation rate. Indeed, in this case, the Chilton-Colburn analogy is accurate and allows to compute h 0 m from h 0 t in an accurate way.
• For high evaporation rates, modeling is quite more complex. First, Reynolds and Chilton-Colburn analogies are not well established (due to the blowing velocity at the film/air interface). Secondly, the use of Cf 0 and h 0 t instead of Cf and h t does not take into account blowing velocity at the interface and tends to over-estimate exchanges at the film/air interface. It appears in this study that the classical model (model 6 ) gives good results even for high evaporation rates. This is mainly due to a compensation between several errors. Intermediate models, computed from more rigorous formulations forṁ Future works should include turbulent boundary layers with pressure gradients. At large evaporation rates, some studies 6 take into account the blowing velocity at the air/film interface. This approach is the next step of our work. 
